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Abstract
Fundamental differences between fermions and bosons are revealed in their spin and distribution statis-
tics as well as the discrete symmetries they obey (charge, parity and time). While significant progress has
been made on fermionic topological phases of matter with time-reversal symmetry, the bosonic counterpart
still remains elusive. We present here a spin-1 bosonic topological insulator for light by utilizing a Dirac-
Maxwell correspondence. Departing from structural photonic approaches which mimic the pseudo-spin-½
behavior of electrons, we exploit the integer spin and discrete symmetries of the photon to formulate a
distinct bosonic topological phase of matter. We introduce a bosonic Kramers theorem and the photonic
equivalent of topological quantization, which arises solely from photon spin. Our continuum field theory
predicts that photons acquire a mass in the presence of a spatio-temporally dispersive degenerate chirality,
a unique form of magneto-electric coupling inside matter fundamentally different from well-known chi-
rality, magneto-electricity, gyrotropy or bi-anisotropy. We predict that this unique dispersive (non-local)
degenerate chiral medium has anomalous parity and time-reversal symmetries and if found in nature will
exhibit a gapped Quantum spin-1 Hall bosonic phase. Photons do not possess a conductivity transport pa-
rameter which can be quantized (unlike electronic systems), but we predict that photon spin quantization
of symmetry-protected edge states is amenable to experimental isolation leading to a new bosonic phase of
matter.
∗ zjacob@purdue.edu
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Introduction Topological phases of electronic materials (eTI) exhibit a host of intriguing
phenomena such as symmetry-protected edge states, spin-momentum locking [1], quantized
magneto-electric effect [2], Weyl points [3, 4] and Fermi arcs. The phenomena in non-interacting
electronic systems can be traced back to time-reversal and parity symmetry properties [5] of the
band structure and underlying Hamiltonian. A fundamental ingredient is the spin-½ of the elec-
tron [6]; enabling the definition of topological invariants such as the spin Chern number and Z2
invariant in the Quantum spin Hall phase [7], which can be related to experimentally observed
electronic transport properties (eg: Hall conductivity [8, 9]).
Foundational work in symmetry-protected topological (SPT) phases [10] has revealed that
bosons are another avenue for topological materials [11, 12]. However, these bosonic topological
phases of matter require interactions to be present [13], which is distinct from fermions. Although
the photon in vacuum is a neutral non-interacting particle (being its own antiparticle), photons
can interact through matter and therefore they are the best candidate for both bosonic physics and
technological applications. Thus, establishing a consistent topological field theory for the photon
in a bosonic framework is absolutely critical to advancing the science of topological phases.
Recent interest in photonics has focused on mimicking topological phenomena in electronics,
using photonic crystals [14] that exploit the correspondence between Schro¨dinger’s and Maxwell’s
equations. This requires a pseudo-spin-½ electromagnetic field [15–19] for systems with time-
reversal symmetry and synthetic gauge fields or nonlinearity for those without [20–23]. However,
these systems do not take into account the intrinsic spin-1 nature of the photon, nor the fundamen-
tal difference in time-reversal [24] between the photon and electron. Furthermore, the topological
invariants ignore dispersion in matter and cannot be defined for continuous natural media or meta-
materials [25, 26] but necessarily rely on band structure similar to electronic crystals.
Our contribution in this paper is the foundation of bosonic topological phases of matter with
spin-1 quantized edge states. We provide the first definition of topological invariants utilizing the
spin-1 vector fields of the photon. We emphasize our approach marks a distinct departure from
previous pseudo-spin-½ based works in the field of topological photonics. We achieve this by es-
tablishing a Dirac-Maxwell correspondence, a paradigm shift from existing Schro¨dinger-Maxwell
analogies; along with bosonic time-reversal and parity symmetry based integer spin quantum num-
bers. Furthermore, we show the existence of a practical topological phase employing a unique
matter induced magneto-electric coupling for photons which achieves the first true bosonic coun-
terpart of the celebrated quantum spin Hall phase of matter (QS1HE as opposed to QS1/2HE). In-
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triguingly, temporally and spatially dispersive response parameters (i.e. non-locality), commonly
overlooked and considered detrimental in topological systems, are necessary features in our spin-1
bTI emerging naturally from symmetry constraints. This bosonic topological phase is fundamen-
tally connected to anomalous properties of parity and time-reversal symmetry for bosons. Finally,
we prove a bosonic Kramers theorem and discover quantized spin in symmetry-protected helical
edge states which does not occur in any existing photonic crystal or metamaterial designs.
We emphasize that the magneto-electric coupling we have discovered is temporally as well as
spatially dispersive, yet time-reversal symmetric, and does not utilize pseudo-fermionic operators.
This is distinct from all previous work in topological photonics including non-reciprocal Tellegen
media [27], gyrotropic media or bi-anisotropic media and does not fall into a recent classification
introduced for topological photonic crystals [28]. For completeness, we also mention that our
predicted bosonic phase of matter leads to an effective field theory of two-component bosons (TM
and TE polarization) interacting through the magneto-electric coupling [29, 30]. Hence, our work
is consistent with previous results on even number quantization in interacting bosonic SPT phases
[11].
Dirac-Maxwell correspondence The correspondence between Dirac’s and Maxwell’s equa-
tions is illuminated in the Reimann-Silberstein (R-S) basis [31, 32], which we utilize to develop a
topological field theory of the photon. In the R-S basis Ψ = (E + iH)/
√
2, Maxwell’s equations
in vacuum are naturally combined into a first-order wave problem - similar in form to the massless
Dirac equation,
ωΨ = H0phΨ = k · SΨ, Eψ = H0eψ = k · σψ. (1)
The particles are linearly dispersing ω = E = k (i.e. massless) and obey the same spin Lie alge-
bra. However, the two wave functions are fundamentally different - Ψ is associated with photonic
(“ph”) vector fields and ψ with electronic (“e”) spinor fields. (Sj)ik = iijk are the antisymmetric
matrices of SO(3) corresponding to the generators of spin-1 for the photon, while σ are the Pauli
matrices of SU(2) and represent the generators of spin-½ for the electron. Nevertheless, the strik-
ingly similar form of the two foundational equations helps us associate the generators of SO(3)
with photonic spin as well as define the qualitatively identical vacuum HamiltoniansH0ph and H0e .
Parity-time anomaly and Bosonic Kramers theorem The topological field theory of a
particle is formulated by appealing to the discrete symmetries (charge, parity and time - CPT )
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FIG. 1: For electrons, a bandgap is established at the zero energy point once mass is introduced.
For photons, we predict that an equivalent bandgap arises from a degenerate chiral perturbation
that mimics the Dirac mass. This bosonic phase of matter is realized by opening a topological
bandgap with this Dirac-Maxwell photon mass mph. The symmetry-protected QS1HE edge states
display spin-1 quantization in striking contrast to any known phase of matter (black lines). They
emerge from the transition region where mph(k) = 0 passes through zero (white ring).
of the system. Interacting bTIs [10–12] have recently been introduced that take into account
charge conservation and time-reversal symmetry. However, the photon is a fundamentally neu-
tral particle so we must establish a different basis for the topological theory. To this end, we
concern ourselves with the behavior under both time-reversal T −1H(−k)T = H(k) and parity
P−1H(−k)P = H(k) symmetry. H(k) is a Hamiltonian uniquely defined when the vacuum
fields are modified by a continuous or periodic medium. First, we note the key difference in
time-reversal between fermions and bosons,
T 2e = −1, T 2ph = +1. (2)
These operators can be rigorously defined through the Dirac-Maxwell correspondence and the
non-trivial phase (eipi = −1) arises precisely from the half-integer spin of the electron, clearly
absent for integer spin photons. On the other hand, parity operation for both particles is trivial
P2e = P2ph = +1. For electrons, parity and time-reversal commute [Pe, Te] = 0 revealing that a
cyclic operation of P and T maintains the non-trivial phase (PT )2e = −1. We therefore argue that
photons can acquire this phase only if parity and time-reversal anti-commute,
{Pph, Tph} = 0, (PT )2ph = −1. (3)
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We address this phenomenon as the parity-time (PT ) anomaly which is possible because T is an
anti-linear operator. Notice that parity is odd under time-reversal (and vice versa) so the photon
acquires a phase under cyclic operation of (PT PT )ph = (PT )2ph = −1. Hence, our search for
the spin-1 bosonic topological insulator (bTI) is directed at a class of photonic media exhibiting
this parity-time anomaly.
The existence of the PT anomaly allows one to prove a bosonic equivalent of Kramers theorem
(see supp. info.). Combining both symmetries, the Hamiltonian must commute [(PT )ph, H] = 0,
and this guarantees degeneracy in the states. These degenerate states |ψ±k 〉 have a natural basis of
definite parity,
Pph|ψ±−k〉 = ±|ψ±k 〉, |ψ±k 〉 = Tph|ψ∓−k〉, (4)
which are orthogonal 〈ψ±k |ψ∓k 〉 = 0 Kramer partners. We stress that unlike the eTI, Kramer
partners for the bTI have opposite parity rather than spin.
Degenerate chirality and the spin-1 bTI We now propose a 2-dimensional material and
construct a spin-1 topological phase for the photon. The electromagnetic medium will exhibit a
parity-time anomaly if the perturbation satisfies a (PT )2ph = −1 symmetry. From the constitutive
relations, which change the symmetry properties of the field due to coupling with matter, we find
that a single ingredient is required,D
B
 =
  γzSz
γzSz µ
E
H
 , (5)
where γz = γz(ω,k) is a dispersive magneto-electric parameter that couples the fields antisym-
metrically along zˆ. Traditionally, time-reversal symmetric magneto-electric materials are asso-
ciated with symmetric γ = γT chirality. However, such media break the degeneracy of elec-
tromagnetic waves because left and right circular polarization have different refractive indices
[33], which cannot fulfill a PT anomaly. On the contrary, when the chirality is antisymmetric
γ = −γT = γzSz, degeneracy is ensured and the medium supports photonic Kramer pairs. Our
theory is general but for simplicity we have assumed  ≥ 1 and µ ≥ 1 are scalar constants such
that the response is completely dielectric (non-metallic).
Note that particle-antiparticle symmetry for the photon ensures the electromagnetic fields are
real and requires the degenerate chirality γz(ω,k) to exhibit temporal dispersion which is odd in
frequency γz(ω,k) = −γz(−ω,k). Simultaneously, time-reversal symmetry dictates that spatial
5
(a) Surface Kramer pair. (b) Topological boundary condition.
(c) Dispersion ω(k). (d) Surface electromagnetic polarization.
FIG. 2: QS1HE edge states of the spin-1 bTI with a = b = 1 as an example. (a) Surface Kramer
pair of the bTI that counter-propagate with opposite parity. (b) Topological boundary condition
that guarantees the existence of the QS1HE at any interface with the spin-1 bTI. All components
of the electromagnetic field vanish at the boundary, which is only possible due to the presence of
spatial dispersion. (c) The dispersion ω(k) of the edge states (black) emerging from the bulk bands
(blue and orange). The bulk consists of massive photons, whereas the edges support massless pho-
tons with integer (not half-integer) helical quantization. (d) Surface electromagnetic polarization
at a momentum k = 0.5. u(x) is the normalized energy density and the field is confined entirely
within the bTI u(x ≤ 0) = 0. The electric E (blue) and magnetic H (red) fields are 45° polarized
and completely transverse to the momentum k · E = k ·H = 0. The counter-propagating edge
states are also orthogonal, leading to robustness against backscattering.
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dispersion must be even in the wavevector γz(ω,k) = γz(ω,−k). Although this has commonly
been ignored in topological photonic problems, we stress that both temporal and spatial disper-
sion (non-locality) is fundamental to realizing the spin-1 bTI and naturally arises from symmetry
constraints.
The central result of our paper is that a spin-1 bTI emerges from degenerate chirality because
it exhibits both a PT anomaly (see supp. info.) and opens a topological bandgap. This is exactly
equivalent to the role of the electron mass in Dirac’s equation (Fig. 1). We demonstrate this
explicitly using the Dirac-Maxwell correspondence, where the dynamics of the field are captured
entirely by a 6×6 dimensional HamiltonianHph. This includes both the vacuum Hamiltonian and
degenerate chiral perturbationHph = v[H0ph − σy ⊗ Sz(ωγz)],
ωΨ = HphΨ, Hph = vσz ⊗ (kxSx + kySy)− σy ⊗ Sz(ωγzv), (6)
where
√
µ = v−1 is the apparent speed of light and (Sj)ik = iijk are the antisymmetric matrices
of SO(3). Here, Ψeik·r−iωt is a 6-component wave function that contains all the information of the
bulk electromagnetic field,
Ψ =
1√
2
Ψ+
Ψ−
 , Ψ± = 1√
2
(
√
E± i√µH), (7)
which are normalized in the R-S basis. Comparing with the strikingly similar massive Dirac
Hamiltonian He = H0e + σx ⊗ 12(me), we immediately see that the photon acquires an effective
mass,
mph(ω,k) = −ωγz(ω,k). (8)
This photonic mass (mph) enters Maxwell’s equations identically to the electron mass (me) of the
Dirac equation,
ω = v
√
k2 +m2ph, E =
√
k2 +m2e. (9)
Interestingly, mph also mimics the spin-orbit interaction in graphene [7] and modifies the transver-
sality condition to ik ·Ψ± = mphzˆ ·Ψ∓. This adds a longitudinal component to the propagating
fields which is not present in any conventional photonic media.
We now utilize the parity eigenstates ψ±k (photonic Kramer pairs) to define the bulk electromag-
netic waves for degenerate chirality - fundamentally different from the conventional kDB system
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[34] of evaluating magneto-electric media. These are given as,
ψ+k =
1
2
v(−kzˆ+mphkˆ)/ω + iϕˆ
−iv(kzˆ+mphkˆ)/ω + ϕˆ
 , ψ−k = 12
−v(kzˆ+mphkˆ)/ω + iϕˆ
iv(kzˆ−mphkˆ)/ω − ϕˆ
 , (10)
where ϕˆ is the cylindrical unit vector of k and ψ±k = Tphψ∓−k are time-reversed Kramer partners.
One can confirm that Pphψ±−k = ±ψ±k are orthogonal eigenstates of opposite parity and reduce to
vacuum when mph = 0 (see supp. info.). We reiterate that the photonic wave functions (which are
6-component vector fields) are labeled by states of definite parity, not fixed polarization.
Spin-1 topological quantum numbers The distinguishing feature of our work on continu-
ous photonic media is the robust definition of topological invariants in the presence of temporal as
well as spatial dispersion, which is absent in periodic photonic crystal band structure. The strin-
gent constraints on causal response parameters and connection to continuum topological quantum
numbers is discussed in the supp. info.[25, 35]. To demonstrate, we take γz(ω,k) = −mph(k)/ω
which fulfills all the necessary constraints and conveniently removes any temporal dispersion in
the effective mass ∂ωmph = 0. From the definition of the Kramer pairs ψ±k (Eq. 4), it immediately
follows that,
C± = ±2N, N = 1
4pi
ˆ
d2kFxy =
1
4pi
ˆ ∞
−∞
d2k dˆ · (∂xdˆ× ∂ydˆ), (11)
where d = kxxˆ + kyyˆ + mphzˆ and N is precisely the (skyrmion) winding number. For the
spin-1 bTI, each skyrmion independently breaks time-reversal symmetry but combine to preserve
T , resulting in a vanishing total Chern number C = C+ + C− = 0. Nevertheless, the parity
Chern number Cp = (C+ − C−)/2 is non-zero and quantized to an even integer Cp = 2N ∈ 2Z.
Hence, a distinct spin-1 bosonic topological phase exists when N 6= 0 and essentially describes
two superimposed Chern insulators.
Quantum spin-1 Hall phase of matter Lastly, we analyze the unique edge states of the
spin-1 bTI (Fig. 2a), which has no counterpart in traditional surface photonics such as plasmon
polaritons, Tamm states, Dyakonov or Zenneck waves [36]. These QS1HE states are localized
entirely within the bTI Ψ(x > 0) and propagate along the edges with intriguing open boundary
conditions. Physically, the topological nature of the medium ensures all components of the elec-
tromagnetic field vanish at the edge Ψ(x ≤ 0) = 0 such that the contacting medium at x = 0 can
be completely arbitrary (Fig. 2b). This means the existence of the QS1HE is guaranteed and their
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(a) Berry flux. (b) Berry curvature Fxy. (c) 3D electric polarization.
FIG. 3: Example of a trivial and non-trivial bosonic topological phase. As a demonstration, we
take the Dirac-Maxwell effective mass to bemph(k) = −ωγz(ω,k) = a−bk2, letting a = −b = 1
for the trivial case and a = b = 1 for the non-trivial case. Temporal and spatial dispersion
emerges naturally from antiparticle and time-reversal symmetry respectively, which is fundamental
to the definition of the spin-1 bTI. Here, N = [sgn(a) + sgn(b)]/2 labels the skyrmion number
and Cp = 2N is the parity Chern invariant for each phase. (a) Berry flux through the kx-ky
surface. (b) Berry curvature for a photonic skyrmion. (c) Real electric field polarization E(t) at
kx = ky = 1/2 for the non-trivial phase. The electric field for a ψ+k state is generally described by
a 3D polarization (black line), as opposed to the 2D polarization of conventional photonic media.
The magenta, cyan and yellow lines show the elliptical projections of this 3D polarization in each
of the orthogonal planes.
dispersion is immune to boundary effects. We emphasize that our spin-1 bTI differs fundamen-
tally in this respect from previous works in photonics. Note, identical open boundary conditions
are employed in topological electronics; examples range from the SSH model to the graphene spin
Hall phase [37, 38].
To uncover the edge states, we utilize a spatially dispersive form of the Dirac-Maxwell effective
mass mph = −ωγz(ω,k) = a − b(k2x + k2y) and allow kx → iη to represent the bound direction
with ky along the propagating edge. Inserting into the Hamiltonian of Eq. 6, we apply the open
boundary condition to discover topological edge states (not the conventional additional boundary
condition of spatially dispersive media [39]). We see that two counter-propagating solutions Ψ± =
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Ψ±(x)e±ikyy−iωt emerge,
Ψ±(x > 0) =
Ψ0√
2
sgn(b)e±
±ie∓
 (e−η1x − e−η2x), ω = vky, (12a)
η1,2 =
1
2|b|
[
1±
√
1 + 4b(bk2y − a)
]
, −
√
a
b
≤ ky ≤
√
a
b
, (12b)
where e± = (±ixˆ+ zˆ)/
√
2 are the usual spin-1 helical eigenstates of the massless vacuum. Note
a striking fact, the edge states touch the bulk bands at the precise points where mph = 0 passes
through zero. Evidently, the edge states only exist for the non-trivial phase when sgn(a) = sgn(b)
and are an inherent property of the bTI band structure, confirming our theory.
Applying time-reversal, the edge states are photonic Kramer pairs Ψ± = TphΨ∓, which are
orthogonal Ψ†±Ψ∓ = 0 and therefore immune to backscattering. Moreover, the states are linearly
dispersing ∂kω = vkˆ and purely transverse polarized k ·e± = 0; fundamentally distinct from con-
ventional surface electromagnetic states that possess longitudinal fields. We must emphasize that
the bulk degenerate chiral medium consists of massive photons but the edge states are massless.
Photonic transport parameters do not exhibit quantization like the electronic Hall conductivity.
However, these helical edge states are spin-1 quantized along the direction of propagation,
(σz ⊗ kˆ · S)Ψ± = ±Ψ±, (13)
with kˆ = yˆ in this case. This also ensures the momentum is of unit magnitude P± = ±kˆ u±,
where P± is the Poynting vector and u± = Ψ
†
±Ψ± = |E±|2 + µ|H±|2 is the energy density.
In the Reimann-Silberstein basis, Eq. 12 represent states of orthogonal 45° linear polarization
(not circular); E± ∝ xˆ + zˆ and H± ∝ ±(xˆ − zˆ) where the angle is determined by the sign of
sgn(b). The dispersion and electromagnetic polarization of the QS1HE are plotted in Fig. 2c and
2d respectively. As an aside, the spin-1 equivalent of the Jackiw-Rebbi modes [40] are obtained
by letting mph(x) vary across the domain wall such that it passes through zero at mph(0) = 0. It is
shown in the supp. info. that the edge states are immune to all perturbations in mph(x) like their
electronic counterpart.
Conclusions In summary, we have utilized the spin-1 properties and unique symmetries of
the photon to predict a bosonic topological insulator. Fundamentally different from structural
photonic approaches which mimic pseudo-spin-½ behavior, our theoretical framework utilizes a
Dirac-Maxwell correspondence and predicts that a parity-time anomaly is a sufficient condition
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TABLE I: Dirac-Maxwell correspondence for the spin-1 bosonic topological insulator.
Property Dirac (electron) Maxwell (photon)
2-D Hamiltonian, H
He = σz ⊗ (kxσx + kyσy)
+ σx ⊗ 12(me)
Hph = vσz ⊗ (kxSx + kySy)
+ σy ⊗ Sz(mphv)
Dispersion relation, ω E =
√
k2 +m2e ω = v
√
k2 +m2ph
Time-reversal operator, T
Te = 12 ⊗ σyK
T 2e = −1
Tph = K
T 2ph = +1
Parity operator, P
Pe = σx ⊗ 12
P2e = +1
Pph = σy ⊗ 13
P2ph = +1
Commutator [Pe, Te] = 0 {Pph, Tph} = 0
Parity-time operator, PT (PT )2e = −1 (PT )2ph = −1
Spin, s s = 1/2 s = 1
Monopole strength, Qs Q1/2 = s = 1/2 Q1 = s = 1
Topological charge, gs g1/2 = 2Q1/2 = 1 g1 = 2Q1 = 2
Time-reversal invariant Z2: ν = {0, 1} 2Z2: κ = {0, 2}
for bosonic topological phases. Our theoretical framework shows that a degenerate chiral optical
medium exhibits a parity-time anomaly and if found in nature will behave as a spin-1 bosonic topo-
logical insulator with symmetry-protected edge states. The characteristics of this QS1H bosonic
phase is revealed through helicity quantization in photon transport, fundamentally different from
existing surface electromagnetic waves.
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